
Review

Leed : quiver + set of variables
- mutable/unfrozen us frozen

- Exchange relation Mc(9) -=Tai+ as
[8)) k+ j

-30 W
- a

Quiver Mutation of · -X
K

-&
Cluster Algebra generated by all possible mutations.
De : Exchange graph : Vertex for each seed,

edge for each mutation

Last time saw example of 2 different seeds

win same mutable part that produce same

exchange graph.

·



Also saw "X-exchange Relation"
Xi I S Xi W

i = K
w

Xi (l +Xx) k3

Xi (1 + Xi N c* k

·Eact : Get same exchange complex if use AoX
mutation starting from the same quire

&mark : there are "more" X coordinates than

normal (A) coordinates

exIn) were are (2)-6 = 9 mutables A cords

Cone for each internal edge
There are ? (G) = 15 . 2 X-coordinates

love for each "square")
with diagonal & W



There is a map $[X-vaner] -> CCA-vaners]
# Ta,

bis

I not injective or surjective in general
ex

an an as Xi = 92 X3 = 92 not Injective
-> X2=93

- can't get a or as bythemselves.

But can add frozen variables to make injective



Changing Frozen Variables
Of -fr

& has same exchange grin aso
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Re: The quivers have the some mutable part

Im : The exchange complex of a quiver is

independent of frozen variables

&of: Key idea : Can chose a set of frozen variables

which "specializes" to and other choice

Def : A farming of a quive Q is quire
with one frozen mode for each mutablemode attacked "out"

ex *
a - 8 -



Defe : The C-vector (Coefficient vector) of a
mutable mode K is vector whose it enter,

is the of arrows from K to frozen varable it

Ek : If Q has frozen/unfrozen nodes the

exchange matrix has the form

where B
is exchange maiaI of mutable part

= LB 12] is called extended exchange matrix
- entries inA don't affect Mutation so are ignored
(sometimes chose half edges to explain gluing behave



Im : If I is a framed quiver men the

Crectors arecoherent, each restor is

compositive or non negative

Sign Coherence let us write a mutation rule for

Crectors as follows

If i = KMaCi =

& 16 50 E
C + (w4) If (20 K :

-Garso wad
If E = k

If :Ek

(i - (10 -w() If k :

This is "tropical X mutation"

D : The tropical senfield Trap(9- , En) has set

VectorsLaurent Monomials #a
-

[u . - -, un]

① usual mult ① vector addition

& TTqq ⑦ Portise Minimum
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it of

a ↓ Y

a al #
[i][[i]

[] Y (i)
fW Of2 f

,↳82
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or- a ↳
& [] (i)

a , 92

[b] [i]



Del : The F-polynomial is the poliionial
obtained from framed cluster variables by

setting Xi = )
.

ea , 1

az 2

It92a, It f
di + fz+ azff2/9 ,9 It fetf ,fz
a, +-z It fz

Im : Each f polynomial has constant term I

Pof : Equivalent to Sign-coherence [GHKK]
Gross-Hacking-Keel-Konigarich

strong
Laurent Phenomena implies there are no frozen variables
In denominator wo these are actual polynomials
with positive coefficients



Th : Each cluster variable can be expressed as

(a1-- , an s fismyfr) = a f(x ....,x)

Fp(yis - - > Yu)
where y Xi = X-coord at i = T 9

,

bij

Thevetoggcedetr
of t

X= 92f Xz= fzla
, Yif Yerf an

RemarkThe g-rector is the (Multifdegree of a-

min respect to the weighting deg(a) = en deg(fi)= Bai
fW Pfz = i col of exchange

oext deglai= (6) de91az

[ib] = 30 deg(an)= [i]
EX Clust F F(x,, X2) Fp(3 , 32) 9

al 1 1 2 [1 , 0]

az 2 1 [0
,
17

Itaza, It f, I Fanfi 1 [
,
0]

di+2+ad It fetf,f It 1 [0, -1]
a, + -z I + fz ItFa 2 [lj]



B = [i]
90 Ofz deg (a. ) = [b] des (n) =(i)
Y deg (f) = [=i) deg(G) = [d]a
a

~ Co Le
18 D +2

fib E

X ↓ Y

f Ed
,
#

[i] [i] [] [i]
S [i]] [i]
2) [b]
f Dfz fbufz

it - t
or- a ↳
af [] Fi)

a , 92

[b] [i]
[] [_i]

[i] [i]



4 Now we compute An

agadetwit haafrom the triangulation
92 = 13

T

To use formula's we need to compute

XI5X
Then @= aia (1tX1)/(109)

(4)"(3)(1+ "(N35) = 35
·/(1
=)= 25
95 = (4)(1) = 24



En light of Formula al (=
5

· F(*)/Fp()
we think ofa rector as "tropicalization" of
Cluster coordinates

Given a quiver G'obtained by mutation from Q

Can we obtain the gerector recursively ?

Murate atK : S = - 9p +min)E9, 9
This is "tropical mutation"
- Mark:E =E 9 ; by construction of degree

(frozen degree chosen to balance)

Ihm(Nakanishi-Zel erinsky : On Tropical Dualities in

cluster algebras) The 12 : For framed quiver Q,
and a seed G'obtained by mutation

- 1 T

(a = Ga



Finishing The Alphabet

&fe : The d-vector (Denominator rectors is vector

of powers of mutable variables in the denominate

of Laurent expansion.
- Note : as F-poly has constant term 1 implies

numerator has constant term 1 tropical devector unle

Summary
A-coordinates (Pluster variables)
B- exchange matrix = adjacency matrix of quire
2-vectors "Coefficient rectors"
D-vector "Denominator vector
ei-standard basis
F- polynomial 3 combine to give Cluster varible

6-vector

i

Q : quiver
"

X-Coordinate


