
Cluster AlgebrasFrom Triangulated Surfaces

Goal : Give motivating examples of varieties) rings
with a cluster structure.

E: Grassmannian of Kaplanes in a dimensional space
Gr(kn) = Ev = R((Y (dn(v) = k)

=

G(R)Mar(kx, M)

· Plucker Embedding : Gr(k
,n) (p()-

Mrs (PICh)) where Pe = det(Mi
,
--
, Mic

Check : Multiplication by change of bases B changes
(P1) ve der (B) · PI

Today focus's on Cer(2
,
n) = Configurations of1 ps in IP

·Plucker Relations : Choose jakl

PikPe = PijPke + PiePik
- For Gr(2 , 4) one relation Pistay = Pirty+ Pape



· On Gr(2 , 4) Plucker relations come from

characterization ofImage

Defni Xe1"V is totally decomposable X= YA--nuk

- this means X is in image of Plucker embedding,
Eact : x totally decomposable Ten X1X=0

If expand in a basis X= EG1--12in
-when X totally decomposable al = PI(V , ---,4)
In Gr(24) XX= (P2P4-Pispen + Piutes) eneccesnet
So to be O need Papatpipes = Pistan
- More generally get relations do Considering :Ven
&m(ke(4x)) = K iff x totally decomposable revnX

-
· Affine Cone : Gr(kn) = S4c(R) (Mat(ke ,M)
- embeds inoffice space via plucker embedding

⑳What sets of plucker cords can we freely specify?
② Can wemake alllords positive?

③Areternatural projectively invariant functions?



Techmiller Space of Bordered Surface
· Bordered Surface : E is orrientable surface with

boundary marked points
and punctures

- Want "total curvature" negative so there is a triangulationof [
(E) = 2-2g-p- b - te

g = gaus # boundary componers pipunctures =marked
&B

La : # triangles = - 2EY(E)
↑(0) = 2- 2 . 0 -0-1 - =-

Today : Focus on g = 0, p=0,bit e polygons with sides

(E) = 2-0-1-0-En = 173

Defe : Techmiller space TCE)= Efinite area hyperbolic
metrics on E with marked pts cusps, geodessic bounders
-take metrics up to diffeomorphism which are homotopic

to me identity relative to fixing marked points
Defe : Developing map : Embed E in 12. Can work trangle

bo triangle since unique ideal triangle up to

PSLy(R) acton

#



For a disk this shows hoperbolic structure is

equivalent to choice ofM cyclically ordered
ideal points (GH= 1P') up to action of PSLe(M)

* This connects Gr(
,
0) -Y (7)

->What does office come tin) correspond to ?

Decorated Techmuller Space : Techmiller space +

choice of horocycle at each marked point.

- 42 = edk

*andda lengtS
P= (x)9(x ,v) = - 13
audrans formrector ar

in Elect+ 5

Normalize st. MnVj)= ij .
So Pij = Xis

- horocycle at V in light come is < W
,
v)= -1 .

Placke relation te Hyperbolic Ptolemy Relation



Question Answers
①What sets of coordinates can we freely choose

·
triangulatione defines decorated configuration

Relations require crossing arcs !

②Can we make all Coordinates positive
?

Yes
.
In hyperbolic model cords are defied positive

=> True for Gr(i,n)
,
we will see later for Gr(k

, n)

The totally positive grasmanian G(k , n) is set

where all placker coordinates are positive

③ Are there natural projectively invariant functions?
Yes. To a square have cross rato

i."
X=)(by - b)

(by - b, )(b3 -bz)



-Inspired by Crossration Fock/boncharou CallThose X cords.

They call usual cluster variables A-coordinates.
· well defined on projective Grassmanian

dde 3 True for any degreeO

ratio .

* This isn't exactly crossano usually defined in

hoperbolic geometri . ((d3-dD (du-d) ((by - b2)(by - d , )

Thisrato dehives
nice under clicrota

"
= X*

2

· This ratio is independent of horocycle/torus action
-change to blue changes

o -

Piz and Pis by same

factor

equivalent to scaling U 60 t

#12- Pay
Y

XP1-Pry



Structure of Algebra

- Each triangulation consists of independent
functions

- Have relation whenever two edges cross

This relates the triangulations given do snapping
These Ledges 2

I

·
5

Prs Piz = Pirpas +Paspis
Final Fact : And 2 triangulations are related by
a series of flips inside a square

B -Q
- Hatcher-Ontriangulations of Surfaces 1991



Properties of Algebra

·Exchange Relation only use addition andmultiplication
- Positivity : If all variables are positive in one seed

all variables are positive,
- "Tropical" : Can understand exchange in and semiring
f (2

,
+
, max) me leading term degree

** - *
Two seeds exactly

,
#
- Observe Laurent Phenomena ,



#~ *
P

Cluster Exchange Complex
· Node for each seed (0-cell)
· Edge for each muration (1-cell)
· Face for each rank 2 subalgebra (2cel)

=
...2)
Infinetly many triangulations



Questions for Future

· When are there finetly many seeds ?
· What are symmetries of cluster complex ?
· What other algebres/varieties have cluster structure?
- How do we generalize triangulation to cover

Gr(k
, n) ?




